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Topological Machine Learning: The (W)Hole Truth

Lectures
Bastian Rieck (@Pseudomanifold)


https://twitter.com/Pseudomanifold

Preliminaries

Do you have feedback or any questions? Write to bastian.rieck@helmholtz-muenchen.de or
reach out to @Pseudomanifold on Twitter. You can find the slides and additional information
with links to more literature here:

https://heidelberg.topology.rocks
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Recap

% The persistence diagram is the ‘basic’ topological feature descriptor.

% Multiple alternatives exist, with different key properties.

% Their choice is application-dependent.

HELMHOLTZ
MUNICH 0opo

cal Machine Learning: The (

JHole Truth

Bastian Rieck



https://twitter.com/Pseudomanifold

In this lecture
Putting everything together

How can we build topology-based machine learning models?

HELMHOLTZ ) ) - ,
MUNICH Topological Machine Learning: The (W)Hole Truth  Bastian Rieck ~ @Pseudomanifold  3/43


https://twitter.com/Pseudomanifold

Topological machine learning



One pipeline to rule them all?
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One pipeline to rule them all?

Point cloud Persistent homology Persistence diagram(s)
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One pipeline to rule them all?

o0
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Point cloud Persistent homology Persistence diagram(s) Machine learning

% A.Poulenard, P Skraba and M. Ovsjanikov, ‘Topological Function Optimization for Continuous Shape Matching,

Computer Graphics Forum 37.5, 2018, pp. 13-25

&

# M. Moor*, M. Horn*, B. Rieck and K. Borgwardt', Topological Autoencoders, Proceedings of the 37th
International Conference on Machine Learning (ICML), 2020, pp. 7045-7054, arXiv: 1906.00722 [cs.LG]

&

% M. Carriére, F. Chazal, M. Glisse, Y. lke, H. Kannan and Y. Umeda, ‘Optimizing persistent homology based
functions’, Proceedings of the 38th International Conference on Machine Learning (ICML), 2021, pp. 1294—1303
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Finding topology-based representations



Topological autoencoders

Michael Moor Max Horn Karsten Borgwardt

W Michael_D_Moor W ExpectationMax W kmborgwardt

M. Moor*, M. Horn*, B. Rieck’ and K. Borgwardt!, Topological Autoencoders’, Proceedings of the 37th International
Conference on Machine Learning (ICML), 2020, pp. 7045-7054, arXiv: 1906 .00722 [cs.LG]

HELMHOLTZ . o - )
MUNICH Topological Machine Learning: The (W)Hole Truth  Bastian Rieck ~ @Pseudomanifold



https://twitter.com/Michael_D_Moor
https://twitter.com/ExpectationMax
https://twitter.com/kmborgwardt
https://arxiv.org/abs/1906.00722
https://twitter.com/Pseudomanifold

Topological autoencoders

Motivation
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Topological autoencoders

Motivation, continued
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Topological autoencoders

Overview
Input data Reconstruction
. Z .
Reconstruction loss
Latent code
Topological loss
HELMHOLTZ ~ N .
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Topological autoencoders

Main intuition

Align persistence diagrams of an input batch and of a latent batch using a loss function!
Why this works in theory

Let X be a point cloud of cardinality n and X (™) be one subsample of X of cardinality m, i.e.
X(m) C X sampled without replacement. We can bound the probability of the persistence
diagrams of X (™) exceeding a threshold in terms of the bottleneck distance as

P (WOO<DX, DX (’”)) > e) <P (distH<X, X(m)) > 26),

where disty denotes the Hausdorff distance. In other words: mini-batches are topologically similar if
the subsampling is not too coarse.
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Topological autoencoders

Gradient calculation intuition

Distance matrix A

0 1 9 10
1 07 8
9 70 3
10 8 3 O

Every pointin the persistence diagram can be mapped to one entry in the distance matrix! Each
entry is a distance, so it can be changed during training (at least in the latent space).
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Topological autoencoders

Gradient calculation intuition

7,
Distance matrix A g B
0 1 9 10 o 4l
1 07 8 S °
9 7 0 3 1t e
10 8 3 0 0

TR I N I B N
01234567

€

Every pointin the persistence diagram can be mapped to one entry in the distance matrix! Each
entry is a distance, so it can be changed during training (at least in the latent space).
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Topological autoencoders

Gradient calculation intuition

Distance matrix A

Every pointin the persistence diagram can be mapped to one entry in the distance matrix! Each
entry is a distance, so it can be changed during training (at least in the latent space).
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Topological autoencoders

Loss term
Ly =Ly z+Lzx
Loz = §|AY [7X] - AZ[=¥] | Lzox = §||A7 [x7] - AY [ 7]

% X:inputspace

% Z:latentspace

# AX: distances in input mini-batch

# AZ: distances in latent mini-batch

# 7% persistence pairing of input mini-batch

& 7% persistence pairing of latent mini-batch
The loss is bi-directional!

HELMHOLTZ -
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Qualitative evaluation
‘Spheres’ data set

Autoencoder

Topological autoencoder
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Quantitative evaluation

HELMHOLTZ
MUNICH

Dataset Method KLg.01 Klg.1 KL1 ¢-MRRE ¢-Cont #-Trust #-RMSE MSE (data)
Isomap  0.181 0.420 0.00881 0.246 0.790 0.676 10.4
PCA 0.332 0.651 0.01530 0.294 0.747 0.626 1.8 0.9610
Spheres’ t-SNE 0.152 0.527 0.01271 0.217 0.773 0.679 81
UMAP 0.157 0.613 0.01658 0.250 0.752 0.635 9.3
AE 0.566 0.746 0.01664 0.349 0.607 0.588 13.3 0.8155
TopoAE 0.085 0.326 0.00694 0.272 0.822 0.658 13.5 0.8681
PCA 0.356 0.052 0.00069 0.057 0.968 0.917 9.1 0.1844
t-SNE 0.405 0.071 0.00198 0.020 0.967 0.974 1.3
‘Fashion-MNIST" UMAP  0.424 0.065 0.00163 0.029 0.981 0.959 13.7
AE 0.478 0.068 0.00125 0.026 0.968 0.974 20.7 0.1020
TopoAE 0.392 0.054 0.00100 0.032 0.980 0.956 20.5 0.1207
PCA 0.389 0.163 0.00160 0.166 0.901 0.745 13.2 0.2227
t-SNE 0.277 0.133 0.00214 0.040 0.921 0.946 22.9
‘MNIST UMAP 0.321 0.146 0.00234  0.051 0.940 0.938 14.6
AE 0.620 0.155 0.00156 0.058 0.913 0.937 18.2 0.1373
TopoAE 0341 0.110 0.00114 0.056 0.932 0.928 19.6 0.1388
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Topology-driven graph learning



Classifying unlabelled graphs

Using ‘classical’ machine learning models

© Calculate degree filtration (or another descriptor)
© Repeatthe analysis pipeline described above

© Learn weights for topological descriptors to improve predictive power

'Q.Zhao and Y. Wang, ‘Learning metrics for persistence-based summaries and applications for graph
classification’, Advances in Neural Information Processing Systems, ed. by H. Wallach, H. Larochelle, A. Beygelzimer,
F. d’Alché-Buc, E. Fox and R. Garnett, vol. 32, Curran Associates, Inc., 2019, pp. 9855-9866
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Betti curves

Classification scenario example

131
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0.8 |
Use REDDIT-BINARY data set (co-occurrence _§ 0.6 |
graphs) S
Calculate filtration based on vertex degree a 04
Calculate persistence diagrams for d = 1 (cycles) 0.2 |
Given p = 1, use a kernel SVM for classification 0
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector

Own label Adjacentlabels

HELMHOLTZ
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector

Own label Adjacentlabels Hashed label

([ ] [ ] [ ]
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector

label ®© o o @
Count 3 1 2 1

®(G) = (3,1,2,1)

Compare G and G’ by evaluating a kernel between ®(G) and
B ®(G’) (linear, RBF, ...).
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Static topological features for graph classification

Christian Bock Karsten Borgwardt
W chrs_bock W kmborgwardt

a8

The Weisfeiler—Lehman algorithm vectorises labelled graphs

%

Persistent homology captures relevant topological features

%

We can combine them to obtain a generalised formulation

e

> This requires a distance between multisets

B. Rieck™, C. Bock™ and K. Borgwardt, ‘A Persistent Weisfeiler—-Lehman Procedure for Graph Classification’, Proceedings
of the 36th International Conference on Machine Learning (ICML), ed. by K. Chaudhuri and R. Salakhutdinov, Proceedings of
Machine Learning Research 97, PMLR, 2019, pp. 54485458
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A distance between label multisets

HELMHOLTZ -
o]
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Let A= {I{*,15%, ... }and B = {lll’l,lg2, ... } be two multisets that are defined over the same
label alphabet X = {1, 1, ... }.

Transform the sets into count vectors, i.e. & := [a1, a2, ...]and ¥ := [b1,bo,...].

Calculate their multiset distance as

dist(Z, ) (Zmz—by >

i.e. the p™ Minkowski distance, for p € R. Since nodes and their multisets are in one-to-one
correspondence, we now have a metric on the graph!

al Machine Learning: T
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Multiset distance
Exampleforp = 1

HELMHOLTZ
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dist(C, E) = dist({e® '}, {02, 01})
= dist([3,1],[2,1])

=1

dist(C, A) = dist({e? 0}, {o})
— dist([3, 1], [1, 0])
=3

Aachine Learning: The (W)Hole Truth  Bastian Rieck
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Extending the multiset distance to a distance between vertices

Use vertex label from previous Weisfeiler—Lehman iteration, i.e. Iq(]’;_l), as well as IS}?), the one
from the current iteration:

dist(v;, v5) == [lg}fl) + Igj?*l)} 4 dist(lSJh), |£}h)> +7

i J

7 € R~ isrequired to make this into a proper metric. This turns any labelled graph into a
weighted graph whose persistent homology we can calculate!
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Vertex distance, multi-scale properties

Example
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Vertex distance, multi-scale properties

Example
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Vertex distance, multi-scale properties

Example
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Vertex distance, multi-scale properties

Example
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Persistence-based Weisfeiler-Lehman feature vectors

Connected components Cycles
h h
2 = [P 00). 5" (1), | e = [ (0). 5P (). .|
P () = Y pers(v)?, sM ) = > pers(u,v)?,
I(v)=l; liel(u,w)
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Persistence-based Weisfeiler-Lehman feature vectors

Connected components Cycles
h h
o = [p™ 00). s M (0), .| o= [5M0), 5" (), |
P () = 3 pers(v)”, M) = > pers(u,v),
I(v)=l; liel(u,w)
Bonus

We can re-define the vertex distance to obtain the original Weisfeiler—Lehman subtree fea-
tures (plus information about cycles):

1 ifUi 7& Vg

0 otherwise

diSt(’Ul',Uj) = {

HELMHOLTZ . I § - R i
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Classification results

D&D MUTAG NCI1 NCI109 PROTEINS PTC-MR PTC-FR PTC-MM PTC-FM

V-Hist 78.32+£0.35 8596+0.27 64.40+0.07 63.25+012 7233+0.32 5831+0.27 68.13+0.23 66.96+051 57.91+0.83
E-Hist 7290 +0.48 85.69+0.46 63.66+0.11 63.27+0.07 72.14+0.39 55.82 65.53 61.61 59.03
RetGK™ 81.60+0.30 90.30+1.10 84.50 % 0.20 75.80+0.60 62.15+1.60 67.80+110 67.90+1.40 63.90+1.30
WL 79.45+0.38 87.26+1.42 8558+0.15 84.85+0.19 76.11+0.64 6312+1.44 67.64+074 67.28+0.97 64.80+0.85
Deep-WL* 82.94+268 8031+046 80.32+033 7568+0.54 60.08+2.55

PWL 79.34+0.46 86.10+1.37 8534+0.14 8478+015 7531+0.73 63.07+1.68 67.30+150 68.40+117 64.47+1.84
P-WL-C 78.66 £+0.32 90.51+134 8546+0.16 84.96+034 7527+0.38 64.02+0.82 6715+1.09 6857+176 6578 +1.22

P-WL-UC 78.50+0.41 85.17+0.29 85.62+0.27 8511+0.30 75.86+0.78 63.46+1.58 67.02+1.29 68.01+1.04 65.44+1.18
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Graph representations

Fundamental properties

% Two graphs G and G’ can have a different number of vertices.

# Hence, we require a vectorised representation f : G — R? of graphs.

% Such a representation f needs to be permutation-invariant.
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Now and then

Shallow approaches

# node2vec (encoder—decoder)
% Graph kernels (RKHS feature maps)

% Laplacian-based embeddings

HELMHOLTZ
MUNICH

Deep approaches

# Graph convolutional networks
# Graph isomorphism networks

% Graph attention networks

e (\W)Hole Truth  Bastian Rieck ~ @Pse
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Message passing

The predominant paradigm in graph machine learning

Neighbouring nodes can exchange messages. If this is iterated, messages can be ‘diffused’ to larger

parts of the graph.
A % Operations remain local.
% Only require some aggregation function.
B C % Representations can be combined.
D
E

HELMHOLTZ
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Message passing

The predominant paradigm in graph machine learning

Neighbouring nodes can exchange messages. If this is iterated, messages can be ‘diffused’ to larger

parts of the graph.
A % Operations remain local.
% Only require some aggregation function.
B C % Representations can be combined.
D
E
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Message passing

The predominant paradigm in graph machine learning

Neighbouring nodes can exchange messages. If this is iterated, messages can be ‘diffused’ to larger

parts of the graph.
A % Operations remain local.
% Only require some aggregation function.
B C % Representations can be combined.
D
E

HELMHOLTZ
MUNICH opologic

Machine Learning: The (W)Hole Truth  Bastian Rieck ~ @Pseudomanifol



https://twitter.com/Pseudomanifold

Message passing

The predominant paradigm in graph machine learning

Neighbouring nodes can exchange messages. If this is iterated, messages can be ‘diffused’ to larger

parts of the graph.
A % Operations remain local.
% Only require some aggregation function.
B C % Representations can be combined.
D
E
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Message passing

The predominant paradigm in graph machine learning

Neighbouring nodes can exchange messages. If this is iterated, messages can be ‘diffused’ to larger

parts of the graph.
A % Operations remain local.
% Only require some aggregation function.
B C # Representations can be combined.
D
E
F G
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Message passing

The predominant paradigm in graph machine learning

Neighbouring nodes can exchange messages.

parts of the graph.
A
B C
D@® aggregate (sum,mean,..)

HELMHOLTZ
MUNICH

E

If this is iterated, messages can be ‘diffused’ to larger

% Operations remain local.

% Only require some aggregation function.

# Representations can be combined.

cal Machine Learning: The (W)Hole Truth  Bastian Rieck ~ @Pseudomanifold
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Graph neural networks in a nutshell

o®) .= aggregate® ({hqg’f*l) |u € Ng(“)})
h*) .= combine® (hi(;k_l)’ag’k)>

v

hg = readout({th) |v e vertg}>

This terminology follows K. Xu, W. Hu, ]. Leskovec and S. Jegelka, ‘How Powerful are Graph Neural
Networks?, ICLR, 2019.

HELMHOLTZ
MUNICH
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Example

Graph convolutional networks

For this architecture, combine is directly integrated into aggregate. In matrix form, we have
HO — o (p=iAD iHK (D),

with A := A + | being the augmented adjacency matrix, B its degree matrix, and ©*~1) a learnable
weight matrix of dimensions d*~1 x d*.

HELMHOLTZ
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A topological layer for graph classification

TOPOLOGICAL GRAPH NEURAL NETWORKS

$ |

Max Horn Edward De Brouwer  Michael Moor
W @ExpectationMax W @EdwardOnBrew W @Michael_D_Moor

Yves Moreau  Karsten Borgwardt
W @kmborgwardt

M. Horn*, E. De Brouwer*, M. Moor, Y. Moreau, B. Rieck! and K. Borgwardt!, ‘Topological Graph Neural Networks’,
ICLR, 2022

HELMHOLTZ . . . .
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Motivation

Status quo

% Graphs are topological objects.

% But GNNs are incapable of recognising certain topological structures!
Challenge

What can we gain when imbuing them with knowledge about the topology?

HELMHOLTZ
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Taking stock

# Filtrations provide multi-scale topological features.

e

&z Persistence diagrams serve as topological descriptors.

Questions

# How to obtain ‘good’ filtrations?

% How to use persistence diagrams (i.e. multi-sets) in a differentiable setting?

HELMHOLTZ
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Topological graph neural networks

Overview

Node attributes k views Diagrams Aggregation Output (V)
2 ..
12= n<1") i
2(®) e R o 1 v @ 7 e e
: &Y
TR
21=q" .

# Useanodemap ®: RY — RF to create k different filtrations of the graph.

% Use a coordinatisation function W to create compatible representations of the node
attributes.

HELMHOLTZ
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Choosing ® and ¥

% The node map ® can be realised using a neural network.

% The coordinatisation function W can be realised using any vectorisation of persistence

diagrams (landscapes, images, ..), but we found a differentiable coordinatisation function to be
most effective.?

HELMHOLTZ
MUNICH

*C. D. Hofer, F. Graf, B. Rieck, M. Niethammer and R. Kwitt, ‘Graph Filtration Learning’, ICML, 2020.
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Expressivity of TOGL

Theorem

TOGL (and persistent homology) is more expressive than WL[1], i.e. (i) if the WL[1] label sequences for
two graphs G and G’ diverge, there exists an injective filtration f such that the corresponding persistence
diagrams Dy and Dy, are not equal, and (ii) there are graphs that WL[1] cannot distinguish but TOGL can!

1

Example graphs

HELMHOLTZ
MUNICH
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Experiments

% Take existing GNN architecture.
% Replace one layer by TOGL.

% Measure predictive performance.

This strategy ensures that the number of parameters is approximately the same, thus facilitating
a fair comparison!

HELMHOLTZ
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Syntheticdata sets

Binary classification problem; generate same number of graphs for each of the classes. Use simple
topological structures that are nevertheless challenging to detect with standard GNNss.

Cycles Necklaces
AV

N

HELMHOLTZ
MUNICH
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Cyclesdataset

Weisfeiler-Lehman subtree features

SN 9 (

< <> < <>
h=0 h=1 h=2 h=3

These graphs cannot be distinguished based on their WL[1] information.

HELMHOLTZ
MUNICH
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Expressivity

Cyclesdataset

100.0
S i
P 75.0
E
S 500
®
& 250

| — GCN-k — GCN-£-TOGL-1 — WL
0.0 | | |
1 2 3 4 5 6 7 8
Number of GCN layers / Number of WL iterations
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Necklaces dataset

Weisfeiler-Lehman subtree features

FTELE A wE
ol

o~
%

These graphs cannot be distinguished based on their WL[1] information (some of the graphs in
the data set can be distinguished, though).

HELMHOLTZ
MUNICH Topologi
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Expressivity

Necklaces dataset

100.0 | TS — + =
- + —" T
X 75.0 /_,/
- .
= */
S 500 1 + I
g . _/ T
] I
S 250

| — GCN-k — GCN-k-TOGL1 — WL
0.0 1 1 1
1 2 3 4 5 6 7 8
Number of GCN layers / Number of WL iterations
nﬁm&gm Top: Machine Learning: The (W)Hole Truth  Bastian Rieck ~ @Pseudomanifold  40/43



https://twitter.com/Pseudomanifold

Classifying graphs/nodes based on structural features alone

Existing data sets tend to ‘leak’ information into node attributes, thus decreasing the utility of
topological features. Hence, we replaced all node features by random ones.
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Graph classification

Node classification

METHOD DD ENZYMES MNIST PROTEINS Pattern

GCN-4 68.0+36 220+33 762+05 68.8+28 85.5+04
GCN-3-TOCL1 75.1 +2.1 30.3+6.5 84.8+04 73.84+4.3 86.61+0.1
GIN-4 75.6+28 21.3+£6.5 834+09 74.64+3.1 84.8+0.0
GIN-3-TOGL1  76.2+2.4 23.74+6.9 84.4+1.1 739+49 86.71+0.1
CAT-4 63.3+3.7 21.7+29 632+£104 675+26 T73.1+1.9

GAT-3-TOGLA1

75.7+ 2.1 23.5+6.1

77.2+£10.5 72.4+4.6 59.6+3.3
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Classifying benchmark data sets

While we improve baseline classification performance, the best performance is not driven by the
availability of topological structures!

Graph classification Node classification
METHOD CIFAR-10 DD ENZYMES  MNIST PROTEINS-full 1IMDB-B REDDIT-B CLUSTER
GATED-GCN-4 67.3+0.3 72.9+21 657+4.9 97.3+0.1 76.4+2.9 —_ — 60.4 +0.4
WL — 77.7 +2.0 543 +0.9 — 731 +0.5 71.2+0.5 78.0+0.6 —
WL-OA — 77.8+1.2 58.9+0.9 — 73.5+0.9 74.0+0.7 87.6+0.3 —
GCN-4 54.2+15 72.8+41 658+4.6 90.0+03 761 +2.4 68.6+4.9 92.8+17 57.0+0.9
GCN-3-TOGLA 61.7+1.0 73.2+4.7 53.0+9.2 955+0.2 76.0 £3.9 72.0+23 89.4%22 60.4+0.2
-12.8 -0.1 -3.4
CIN-4 54.8+1.4 70.8+3.8 50.0+12.3 96.1 +0.3 723 £33 72.8+25 81.7+6.9 58.5+0.1
GIN-3-TOGL~1 613+04 752+4.2 438+79 961 +0.1 73.6 +4.8 74.2+4.2 89.7+25 60.4+0.2
-6.2
CAT-4 57.4+0.6 711 31 268+41 941 +03 713 £5.4 73.2+41 442+66 56.6 + 0.4
GAT-3-TOCL-1  63.9+12 73.7+29 51.5+73 959403 75.2+£3.9 70.8+8.0 89.5+87 584+37
2.4
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Conclusion

# ‘Ifall you have is nails, everything looks like a hammer? Our data sets may actually stymie
progress in GNN research because their classification does not necessarily require
structural information.

&z Nevertheless, higher-order structures (such as cliques) can be crucial in discerning between
different graphs or data sets.

% Canwe also learn sparse filtrations?
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Software

https://github.com/aidos-1lab/pytorch-topological
Looking for additional contributors!

3Credit: Mikael Vejdemo-Johannson
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